According to a general definition of discrete curves, surfaces, and manifolds (Li Chen, "Generalized discrete object tracking algorithms and implementations, " In Melter, Wti, and Latecki ed, Vision Geometry VI, SPIE Vol.
Each of the elements of U2 is called surface-cell with respect to the pair < C, U2>. In the above definition, if u fl v is empty, then u and v are not adjacent. We want u fl v to be a connected path because weneed the intersection of two surface-cells to be on the "edges" of these two surface-cells. If u fl v is just a node (point), we say u and v are point-connected. If u fl v has a line-cell, then u and v are said to be line-connected. See Fig. 2 
Discrete Curves and Surfaces
A subgraph is unique for a certain subset of vertices of C. If C' is a partial-graph, C(G') is the subgraph with all vertices in C'. For a subset of vertices of C, V', denote by G(V') the subgraph of C with all vertices in V'. Definition 2.2 A semi-curve D is a simple path P = {po, ...,pn} such that G(P) = P if (p0,p) is not an edge, or a semi-curve D is G(P) = P U {(po,p)} if (po,pn) is an edge in C.
We can view a semi-curve as a subset of vertices of C. It is true that a semi-curve is a subgraph D of C where each vertex has one or two adjacent vertices in D. In other words, a semi-curve D is a simple path ...,p such that p2 and pj are not adjacent in C if i j excepting i = 0 and j = n. Note, we intentionally did not use G(D) in Definition 2.3 because they are equivalent. We can summarize the above definitions to be one for the discrete curves:
For a graph C = (V, E) and a U2 of C, D C V is said to be a discrete curve with respect to < G, U2 > if (1) D is connected (0-connected, or point-connected), (2) each point (0-cell) is contained by one or two line-cells, and (3) D does not contain any surface-cell.
It follows easily that: Lemma 2.1 If a semi-curve C is not a curve, then C' is a surface-cell.
A common definition of curves is that "A simple discrete (or digital) curve is just a simple path in G."9 It is a semi-curve in this paper. The reason is that there is a simple path, such as {e, f, 1, h} in Fig. 2.1 (c) , that cannot separate the surface into two disconnected nonempty sets. This property is called the Jordan theorem, which holds on continuous space. We will discuss this property in section 3.
To determine the geometrical and topological structure of a graph G, selection of U2 is a critical issue. In order to discuss the properties of all discrete spaces, we give a default definition of U2 here. Unless specified otherwise, this default definition will apply. Definition 2.4 Let C be a simple graph, the default definition of U2 of G is:
(1) Assume m is the minimum value of the lengths for all simple cycle. Then all simple cycle with length m are surface-cells, i.e. in U2.
(2) If a point p is not a point of any surface-cell in U2 by (1), a minimum value of the simple cycle containing p will be included in U2.
After defining discrete curves, we now consider discrete surfaces. We also can view D in Definition 2.5 as the vertex set of D because D is uniquely defined by its vertex set. In other words, we can use "vertex subset D" substitutes "subgraph D" in the definition. A 3-dimensional-cell ( solid-cell or 3-cell) is a closed semi-surface, but a closed semi-surface may not be a 3-cell. Similarly, we can define discrete surfaces as follows. A closed semi-surface is called a minimal closed semi-surface if it does not contain any proper subset that is a closed semi-surface. Definition 2.6 Let $ be the set of all minimal closed semi-surfaces in G. A subset of 8, U3, is a 3-cell set if for any two different elements in U3, u and v, u fl v is empty, a vertex, point-connected if it contains line-cells, or line-connected if it contains surface-cells (in u n v).
In most cases, in u fl v is a point (0-cell), a line-cell, or a surface-cell. Each of the elements of U3 is a 3-cell with respect to <G, U2, U3>. Definition 2.7 Subset S of G is a discrete surface with respect to < C, U2, U3 > if and only if S is a semi-surface and S does not contain any subset that is a 3-cell.
Definition 2.8 The boundary of surface S, denoted by OS, is a subset of S such that if b e OS , then there is a line-cell B containing b contained by exactly one surface-cell in S.
Corollary 2.1 A discrete surface is closed if and only if OS = q.
Regular Surface Points
If S is a subset of C, suppose that 5(p) contains all points in the set of all surface-cells in S containing p. Definition 2.910,11 A point p in a discrete surface S is regular if the set of all surface-cells containing p are line-connected among these surface-cells. If a point in S is not regular, it is called irregular.
We may generalize the above definition. For any < G = (V,E), U2, U3 >, a point p V is said to be a regular A regular inner point is a simple surface point in digital space Em. For a digital surface S in E, a simple surface point under Morgenthaler-Rosenfeld's definition is a regular inner surface point in the case of direct adjacency8.
Discrete k-Manifolds
Definition 2.11 A k dimensional semi-manifold S is a set of k-cells in < G = (V,E), U2, ..., Uk > satisfying:
(1) S is (k -1)-connected in 5, and (2) each (k -1)-cell in S is contained by one or two k-cells. Definition 1.12 A closed k dimensional semi-manifold (k-semi-manifold) S is called minimal if there is no proper subset of S that is a closed k-semi-manifold. A (k + 1)-cell set, Uk+1, is a subset of all closed minimal k-semi-manifolds of G, such that for any pair of u, v E Uk+1 , U fl V is empty, a 0-cell, an unclosed 1-semi-manifold,... , or an unclosed k-semi-manifold.
In Definition 2.12, u fl v is empty, a 0-cell, a 1-cell,..., or a k-cell. Definition 2.13 A k-semi-manifold S is said to be a k-manifold if S does not contain any k+1-cell with respect to<G,U2,...,Uk+l>.
In other words, a k-manifold S is a set of k-cells in <G = (V, E), U2, ..., Uk+1 > satisfying: (1) S is (Ic -1)-connected in 5, and (2) each k -1-cell in S is contained by one or two k-cells, (3)S does not contain any (k + 1)-cell.
That is to say, an n-cell set, U,, can be defined by using existing Uo = V, U1 = E, ...U,_1 of G. We also call U0, U1, ...U, an n dimensional discrete topological structure (DTS). We can see that if U2 =4 then U = 4 for all n> i. The dimension of G is defined as the largest index of U, qS for all possible selections of DTS. Two k-cells (1) p is in C', or p is contained by a surface-cell A (in G(C U C')) such that A has a point in C'.
(2) Each non-end-edge in C is contained by a surface-cell A (in G(C U C')) which has an edge contained by C' but not C if C' is not a single point. and vise versa for C'.
For example, C and C' in Fig. 3.1 (a) are gradually varied, but C and C' in Fig. 3.1 (b) are not gradually varied. We can see that a surface-cell, which is a simple path, and any point in the surface-cell are gradually varied.
Assume E(C) denotes all edges in path C. Let XorSum(C, C') = (E(C)
-E(C')) U (E(C') -E(C)). XorSum is called sum(modulo2) in Newman's book 18 Because a surface-cell A is a closed path, we can define two orientations (normals )to A: clockwise and counterclockwise. Usually, the orientation of a surface-cell is not a critical issue. However, for the proof of the Jordan theorem it seems necessary. In fact, a curve which is a set of points has no "direction," but a pseudo-curve, a path, has its own "travel direction" from p to p. For two paths C and C', which are gradually varied, if a surface-cell A is in G(C U C'), the orientation of A with respect to C is determined by the first pair of points (p,q) E C fl A and C = ...pq... For example, in Fig. 3 .2, C and C' are "cross-over" If C and C' are not "cross-over" ,then we say that C is at a side of C'. Lemma 3.3 Jf C and C' do not cross-over each other, and they are gradually varied, then every surface-cell in G(CuC') has the same orientation with respect to the "travel direction" of C and opposite to the "travel direction" of C'.
We also say that C, C' in Lemma 3.3 are sided-gradually varied. Intuitively, a simply connected set is such that for any point, every cycle containing the point can contract to the point. According to the nature of the word "contraction," we can give the mathematical definition of "contraction" for discrete spaces. In fact, the contraction procedure relates to some substance. This substance gradually loses the size (which can be space occupied), and when a part was lost, it will never come back again. This definition of the simply connected set is based on the original meaning of simple contraction. In order to make the task of proving the Jordan theorem simpler, we give the third strict definition of simply connected surfaces as follows.
We know that a simple closed path (simple cycle) has at least three vertices in a simple graph. This is true for a discrete curve in a simply connected surface S. For simplicity, we call an unclosed path an arc. Assume C is a simple cycle with clockwise orientation. Let two distinct points p, q C. Let C(p,q) be an arc of C from p to q in a clockwise direction, and C(q,p) be the arc from q to p also in a clockwise direction, then we know C = C(p, q)UC(q,p). We use C (, q) to represent the counter-clockwise arc from p to q. Indeed, C(p, q) = C'(q,p).
We always assume that C is in clockwise orientation. Definition 3.6(c) A connected discrete space < C, U2 > is simply connected if for any simple cycle C and two points p, q E C, there exists a side-gradually varied simple cycle path Qo, ...,Qn such that C(p, q) = Qo and C,q) = Qn.
The Jordan Theorem
If we can prove the follow statement then Definition 3.6(b) and Definition 3.6(c) are equivalent.
" For a simply connected surface by Definition 3.6(b), let C be a simple cycle and let two points p, q e C. Then there is a simple cycle path, C(p, q) = Q, ..., Ca(p, q) such that Q and Q+i are side-gradually varied for au"
Since a simple cycle could be a surface-cell, it can not separate S into two disconnected components. However, for a closed discrete curve, we have Theorem 3.1 (The Jordan Theorem) Discrete simply connected surfaces S, defined by Definition 3.6(c), have Jordan's properties: A closed discrete curve C which does not contain any point of OS divides S into at least two disconnected components. In other words, S -C consists of at least two disconnected components.
Proof Suppose that C is a closed curve in a simply connected surface S. C does not reach the border of 5, i.e. C n OS = 0. Assume point p E C, then suppose that q and r are two adjacent points of p in C with form of ...qpr, ..., where the direction of ... q to p to r ...to p is clockwise. See Fig. 3.3 . {p, r} is a line-cell, then there are two surface-cells containing {p, r}. Denote these by A and B with clockwise orientation. Our strategy is to prove that if there is a point a in A which is not in C, and a point b E B and b C, then any path from a to b must contain a point in C. Then we can see that S -C are not (point-) connected and we have the Jordan theorem.
First, we want to prove that there must exist a point in A -C. If each point in A is in C, since A is a simple cycle, then C = A. However, C is not a surface-cell, so the statement can not be true. Thus, there is a point a E A -C. For the same reason there is a point b E B -C. We assume that a is the last such point in A starting with p, and b is the first such point in B starting with p. (see Fig 3. 3) We always assume clockwise direction here unless we indicate otherwise.
On the other hand, based on the discussion of Section 3, if a surface S does not contain any abundant point then the intersection of any two surface-cells in S at most contains a line-cell. So, A fl B = {q,p}. There is a path from a to b, Q(a, b) = apq...q'b, where p, q, ...,q' are in C.
Suppose we make the counter statement: there is a path from a to b, P(a, b), such that there is no point of P(a, b) in C. Because Q(a, b) has only two points a, b in S -C, P(a, b) fl Q(a, b) just contains two points {a, b}. Thus, D = P(a, b) U Q(a)(b, a) is a simple cycle. We may assume P(a, b) U Q()(b, a) is oriented clockwise. Because P(a, b) = Q(a,b) is cross-over to C, we only need to prove the following statement to reach a contradiction: each P3(a, b) does not cross-over C.
If there is a P (a, b) cross-over to C, let P (a, b) be the first one, i.e., P_1 (a, b) do not cross-overC. Let point x in P(a, b) fl C and x P_1 (a, b).
Suppose that x = "p" and x = "q" in Definition 3.4 and assume P(a, b) = ...uxv... and C = ...cxd..., where V 57 d. We know that U, V, C, d are in simple cycle S(x) -{x} (Lemma 2.6).
According to Definition 3.2, there is a surface-cell X contains (u, x) and an edge e P2_1 (a, b) -P(a, b). We might as well assume that x is the first point on P(a, b) that is in C. Thus, c, d X. If X also contains v, then c, d in 8(x) must in the same side of uxv. Therefore, C and P2 (a, b) do not cross-over each other at x. (See Fig. 3.3  (b) .) If X does not contain v, then there is a 2-cell Y contains (x, v). We can see that X and Y are line-connected in 8(x); otherwise, there is an edge in P1 (a, b) contained by a 2-cell in G (P2_1 (a, b) U P(a, b) ) which has no edge in P(a, b). (See Fig. 3.3 (c) Then, we can give a definition of digital surfaces as if there is a collection C of 2-cells which satisfy the definition of discrete surfaces.7 The problem is: how many C's are digital surfaces? How do we decide which one is the one we expected. Such ambiguity causes non-Jordan case and may cause NP-hardness.5'7'21 Indirect adjacency is necessary in real applications, and it is a powerful way to represent surfaces. Conversely it is hard to deal with.
Regardless of the computation cost, we can mathematically describe the indirectly adjacent manifold using our approach.
For a graph G = (V, E), V is still called a point set, denoted by Co, and E is called a line-cell (1-cell) set, denoted by C1 . C2 is a set containing some or all simple cycles in G. Each element in C2 can be a surface-cell in general. Sometimes one can provide restrictions on C2 such as "all points in a unit-cube in E ,"or "the number of points in the cycle not greater that a number N. By Definition 2.12, a point set S being a manifold means the subgraph of S is a manifold since a subgraph is unique. However, in Definition 5.2 any closed k-manifold can be a (k + 1)-cell. This is a partial graph mode. We can add restrictions while we collect C1 but we can not use a point set to define a k-cell. On the other hand, given a point set S, there may be many interpretations.
Definition 5.3 A point set S of G is called a k-manifold with indirect adjacency, if there is k-manifold Wk such that all points in UWk is just the set S.
For a digital image, we only get a point set. If we use indirect adjacency, we can have numerous variations of the topological and geometrical structures on the point sets. Because of this, indirect adjacency is very powerful while being very difficult to deal with. To find a structure based on a point set may cause a NP-hard problem. 2' 6. Discussion 
